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COUPLED ELASTIC AND ELECTROMAGNETIC FIELDS
IN A DIATOMIC, DIELECTRIC CONTINUUM

R. D. MINDLIN

Department of Civil Engineering, Columbia University, New York

Abstract-Huang's equations for coupled mechanical and electromagnetic fields in diatomic, ionic crystals are
extended to accommodate shorter wave lengths and to include the acoustic branches of the dispersion relations for
plane waves.

l. INTRODUCTION

EQUATIONS governing coupled mechanical and electromagnetic fields in diatomic, ionic,
optically isotropic crystals were given by Huang [1,2] in terms of a polarization variable,
the relative displacement of the ions and the usual variables of the electromagnetic field.
In the present paper, the equations ai ~ extended to take into account the separate electronic
polarizations and the separate displacements of the two ions, the ionic polarization, the two
electronic polarization gradients and the two displacement gradients. Aside from a more
detailed representation of the atomic and electronic interactions, there are two main effects
of the additional considerations: first, the equations are applicable to shorter wave lengths,
owing to the inclusion of the displacement and polarization gradients; second, the acoustic
branches are included in the dispersion relations for plane waves, in addition to the optical
branches and the electromagnetic branch.

In Section 2, the differential equations of motion are given for a diatomic, ionic crystal
with NaCl structure. This is done simply by adding the equations involving the magnetic
field to a previous set of equations [3] which was restricted to a quasi-static electric field.

Dispersion relations for longitudinal and transverse waves in the [100] direction are
derived in Section 3 and an examination of the long wave limits reveals the presence of the
acoustical branches as well as the optical branches and electromagnetic branch included in
Huang's results. As previously found by Huang, the longitudinal and transverse optical
branches have the same long wave limit when the electromagnetic field is taken into account.
It is also found that the long wave limits of the optical and electromagnetic branches are
not influenced by the polarization and displacement gradients and the long wave limits of
the acoustic branches are independent of electrical and magnetic properties.

In the last section, the identity of the static dielectric constant and the low frequency
index of refraction of the electromagnetic wave is verified.

2. EQUATIONS OF MOTION

As in a previous paper restricted to the quasi-static electric field, each of the two inter
penetrating continua representing the diatomic ionic crystal has its own displacement
u!"l, K = 1,2 and electronic polarization (per unit area) P!,,). The superscripts 1 and 2
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identify the continuum representations of the lattices of positive and negative ions, respec
tively.

The stored energy density of deformation and polarization, W L
, is assumed to be a

function of the individual small strains

K = 1,2, (1)

the individual polarizations, P!K), the individual polarization gradients, P~~l, the relative
displacement

and the relative rotation

w:l'· = 1.12
1 u'!'·-u:l'.)IJ 2\ ).1 t,) .

Thus,
wL = WL(SP) S\2l p\l) pill p(ll p(.2) u:l' w:l'.)

IJ' IJ' I , I , J.t , l.r' I' IJ'

(2)

(3)

(4)

The total polarization per unit area, Pj, is the sum of the electronic polarizations and the
ionic polarization

(5)

where q* is the ionic charge per unit volume.
Of the variables in (4), only Pi and ur are accounted for in Huang's [1, 2] equations of

motion.
When the Maxwell electric self-field, Efls, is quasi-static, it satisfies

(6)

where eijk is the unit alternating tensor. In that case, the total potential energy density, W, is
the sum of W L and the energy density associated with Efls:

W = WL+teoEflsEfls,

where eo is the permittivity ofa vacuum. The accompanying kinetic energy density is

(7)

K = 1,2, (8)

where p(l l and p(2) are the mass densities of the individual continua and the tilK
) are the

velocities.
Again for the case of the quasi-static electric field, it was shown previously [3], by means

of an extension of Toupin's [4] variational principle for elastic dielectrics, that the field
equations, in addition to (6), are

T\~).+(-I)K(T:I'.. -T'!'+q E¥S)+!(K)+(_I)Kq EO = p(K)ij(K) (9)
IJ,I IJ,I J * J J * J J ,

E\~l. +E(K) +E¥s +E~ = 0 (10)
Ij,l J } J '

eoEW+P!Y+Pg)+q*u~j = 0, (11)

where

(K) _ OWL
Tij - oS\~)'

IJ

OWL
T* j-~,

UU j

OWL
T0= OW". (12)

IJ

and ilK) and E? are the body forces and external electric field, respectively.
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The magnetic field is incorporated into these equations simply by changing (6) to
MS •

SijkEk,j +Bi = 0

and adding the equations

J1.0 1SijkBk,j = SOErS +Pj1)+Pj2)+Q*U{,

Bi,i = 0,
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(13)

(14)

(15)

where B i is the magnetic flux density and J1.o is the magnetic permeability of a vacuum (the
magnetic susceptibility being neglected), The potential energy density becomes

(16)

while the energy density of deformation and polarization (7), the kinetic energy density (8),
the field equations (9H11) and the constitutive equations (12) remain unchanged.

It was shown previously [3] that, for the NaCI-type structure, the energy density of
deformation and polarization is

W L = .! "(a~~P\K)p(A)+b~~ p(K)p(A) + c~~ S\~)S(A) +2d~~ p(~). S(A)
2 L... IJ I J IJkl).l I,k IJkl IJ kl IJkl ().I) kl

K,).

+ "(a*Ku~P\K) + d*KQ)~.p(~). +a**u~ u~ + c**Q)~,Q):".)L. " IJ Ii,'] I I 'J 'J
K

(17)
K

where Plj!o and P!j!i1 denote the symmetric and antisymmetric parts of PJY, respectively.
Also,

biji, = bt11 = bKAbijkl+brgbijbkl+bli(bikbjl+bilbjk)+b~~(bikbjl-bilbjk)'

cijil = Ct11 = CK).bijkl+Cgbijbkl+cli(bikbjl+bilbjk),

dijil = dKA£5ijkl+d~~bil'kl+dli(bik£5jl+bilbjk)'

where bij (or bijkl ) is unity when its indices are alike and zero otherwise and

bKA = b~1-brg -2bli. cK
). = c~1-c~~ -2cli. dK). = d~1-drg -2dli·

(18)

(19)

It may be observed that material constants with superscripts KA. = 11 or 22 denote inter
actions within one of the two component continua whereas constants with superscripts
KA. = 12 or 21 denote interactions between the two continua. Also, the asterisks identify
material constants associated with the relative displacement u{.

Upon substituting (17) in (12) and the resulting expressions in the field equations, we find

" [CKAb. 'kIU(IAk)' +CK1).2U\l). +CK4"4(U<"<>' +uW)]L..J 1). J I,J} J,U I,l}

A

L [d"K ~ ptA) +d"Kp(l) +d"K(p(l) P().»)]+ U' 'kl I k' 12' .. 44 ... + ...IJ • 1 J,J) J.n 1.1)
).
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+ L [bK).<5ijk,PI~~i + bgPI~j + bli(p~~li + pl~) + b;~(Pj.ii - Pi •ij)]
).

-allKlp(l)-aZlKlp(Z)-a**(u(Z)-u(.l))+E¥S+E~= 0
J J J J J J'

BoE~S+ PlY + plY + q*(ul~) - U~Y) = 0,
MS •

BijkEk.j +Bi = 0,

Bi•i = 0.

(21)

(22)

(23)

(24)

(25)

These are the equations of motion for the coupled elastic and electromagnetic fields in
the continuum representation of a diatomic ionic crystal with NaCI structure.

3. WAVES IN THE [100] DIRECTION

We consider plane waves in the [100], or Xl' direction:

(26)

(a) Longitudinal waves
In the case of longitudinal waves,

U~K) = u~) = 0, P~K) = P~K) = 0,

ulK) = K~K) eil/l, P~K) = L~K) eil/l,

EfS = EAfs = 0,

Efs = M I eit/l.

(27)

(28)

Then, from (24), Bi = 0; i.e. there is no coupling with the magnetic field, but the Maxwell
electric self-field is coupled with the displacement and polarization fields. The solution
is, therefore, the same as that found previously [3] for the case of the quasi-static electric
field, with dispersion relation

tiL = 0, (29)

where tiL is the determinant with elements

till = p(l)wZ-a**-q*Bol_cU~Z, ti 31 = ti l3 ,

ti l2 = a**+q;Bol-cne, ti3Z = tiZ3 ,

ti l3 = a*l+q*Bol-dge, ti33 = -ag-Bol-bg~z,

ti l4 = a*Z+qA)I-dn~z, ti34 = -an-Bol-bne,

tiZI = tilZ,

ti22 = p(Z)WZ-a** -q~BoI_CU~Z,

tiZ3 = -a*l_q*Bo l-dpe,

tiZ4 = -a*Z-q*Bol-dn~z,

ti41 = ti4,

ti4Z = ti Z4 ,

ti43 = ti34 ,

ti44 = -an-Bol-bn~z.

(30)
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The long wave limit of the longitudinal optical branch is obtained from
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1~IIJ AL = w2{p(l)p(2lw2[(aU +60 l)(an +60 1)-(ag +60 1)2] _(p(ll + p(2))Dd (31)

where

aU +60 1 ag+60 1 a*1 +q*60 1

DL = ail +60 1 an+60 1 a*2 + q*60 1 (32)

a*1 +q*60 1 a*2+q*eo 1 a** +q;60 1

Hence, the limiting frequency of the longitudinal optical branch is

{D / -[( 11 -1)( 22 -1) (12 -1)2]}!
WLO = L P all +60 all +60 - all +60 , (33)

where p = p(ll/2l/(p(l) +p(2), i.e. p is the reduced mass density.
The long wave behavior of the longitudinal acoustic branch of the dispersion relation

is obtained from

lim AL = lim [(cH+cn+2cWe-(p(ll+p(2l)w2]DL'
co.~-o co,~-o

(34)

Hence, at long wave lengths, the frequency of the longitudinal acoustic branch is given by

(35)

(b) Transverse waves

Of the two similar transverse waves, with displacements in the directions of X2 and X3'

respectively,. we choose the former for examination:

(36)

(37)

In the case of the quasi-static electric field the absence of (24) permitted E'fs, as well as B3 ,

to be zero; but both must be non-zero when the full electromagnetic equations are imposed.
To find a form of the dispersion determinant similar to (30), it is useful first to express

M 2 and N 3 in terms of K~1(l and L~1(l through the use of(23) and (24):

(38)

where

(39)

When the results (38), along with (36) and (37), are inserted in the remaining equations of
motion, the latter are satisfied if

(40)
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where A~M is the determinant with elements

A'II = p(I)w2-a**-q*eZl_(cU-c**)~2,

A~2 = a**+q;eZ 1-(cu+c**)e,

A'13 = a*1 +q*eZ 1 -(dU _d*I)~2,

A'14 = a*2 +q*eZ 1 -(dU _d*2)~2,

A~2 = p(2)w2-a**-q*eZl_(cU-c**)~2,

A~3 = -a*l_ q*eZ I-(dU +d*I)~2,

A' _ a*2 q ~-1 (d22 +d*2).t:2Ll24 - - - *"~ - 44 .. ,

A31 = A'13'

A32 = A~3'

A33 = -ag -eZ 1-(bU +bm~2,

A34 = -ail-eZ 1-(bU+bme,

A~1 = A~4'

A~2 = A~4'

A~3 = A34 ,
A' _ 22 -1 (b22 b22)!'2Ll44 - -qll-e~ - 44+ 77" .

(41)

The long wave limit ofthe transverse optical branch is obtained from

lim AfM = w4{p(l)p(2)w(2)[(ag +eo l)(aii +eo 1)-(ali +eo 1)2] _(p(l) +p(2)DLl, (42)
~-+O

so that the limiting frequency is

w~~ = {DL!p[(ag +eo 1Haii +eo 1)-(ati +eo 1)2]}t, (43)

i.e. as found by Huang [1, 2], the same as the limiting frequency of the longitudinal optical
branch.

The long wave, low frequency behavior is given by

(44)

where

and

(45)

D= (46)

Thus, there are two branches, with limiting behaviors

WEM = ~(D/eoJ.l.oDL)t, (47)

w~~ = ~[(cU + cU + 2cU)/(p(l) + p(2»)]t. (48)

The first of these is the long wave end of the electromagnetic branch, as found by Huang
[1,2]; the second is the long wave end ofthe transverse acoustic branch: identical with that
obtained for the case of the quasi-static electric field [3].

It will be observed that the long wave Jimits of the longitudinal and transverse optical
branches, (33) and (43), and the electromagnetic branch (47) are independent of the material
constants b, c and d, i.e. independent of the polarization and displacement gradients.
Also the long wave limits of the acoustic branches, (35) and (48), depend only on the mass
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density and the elastic stiffness eii and e~i. Hence, as far as the limiting behavior at the
long wave end is concerned, the results, here, conform with Huang's, with the addition of
the acoustic branches. However, as may be seen from the determinants (30) and (41), when
the wave length diminishes from infinity, the elastic part couples with the remainder and
the results diverge from Huang's.

4. INDEX OF REFRACTION AND DIELECTRIC CONSTANT

Recalling that the velocity of electromagnetic waves in a vacuum is

e = (eoJ1o)-t, (49)

we see, from (47), that the low frequency index of refraction of electromagnetic waves in
the dielectric is

n = e~/01 = (DLfD)t. (50)

That the square of the low frequency index of refraction, DLfD, is equal to the static
dielectric constant, defined as

(51)

may be shown, conveniently, by deducing Huang's formula for the dielectric constant from
(20) and (21). As shown in [3], Huang's equations of motion may be found from (20) and (21)
by discarding all spatial derivative terms (thereby restricting the applicability of the equa
tions to infinite or, at least, very long wave lengths) and expressing the residue in terms of
wi(= ptun Pi and Efls, with the result (omitting!l") and E?):

Wi = bllWi+b12EflS,

Pi = b21Wi+b22EflS,

(52)

(53)

where Huang's constants bll , b22 , b12 , b21 are expressed in terms of constants appearing
in the present paper by

b12 = b21 = [(ag -ama*2 +(aii -ama*l_ q*(agan -aiiam/(agan -aiiaiDpt. (55)

Introducing a factor eirol and eliminating Wi between (52) and (53), we have

Pi/EflS = [bdb ll +01
2)-bi2]/(bll +012).

Inserting this in (51), we find Huang's formula for the static dielectric constant

Ko= 1+ (b ll b22 -bi2)/eobll ·

(56)

(57)

Upon substituting the formulas for bll , b22 and b12 , given in (54) and (55), into (57), we
find, after some algebraic manipulations,

(58)

as required.
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A6CTpaKT-0606ll\aIOTCH ypaBHeHHH XyaHra, KaCalOll.lHeecH conpHlIceHHblX MeXaHH'IeCKHX H 3J1eKTpO
MarHHTHblX nOJleil:, B t\ByxaToMHblX, HOHHblX KpHCTaJlJlaX, tIJIH npHcnoco6J1eHHH 60Jlee KOpOTKHX BOJIH
H y'leTa aKycTH'IecKHx BeTBeil: 'IJIH 3aBHcHMocTeil: t\HcnepcHH nJlOCKHX BOJIH.


